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INTERIOR MOTION OF AN ELASTIC HALF-SPACE DUE TO A
NORMAL FINITE MOVING LINE LOAD ON ITS SURFACEt

F. R. NORWOOD

Sandia Laboratories, Albuquerque, New Mexico 87115

Abstract-The response of an elastic half-space to a normal impulsive semi-infinite line load moving parallel to its
initial position is considered. The solution is found to be a superposition ofcylindrical, spherical and conical waves,
and is found by Cagniard's technique and by extending the real transformation of de Hoop to double Fourier
integrals with singularities on the real axis of the transform variables. Velocities in the interior of the half-space
are given for arbitrary values of Poisson's ratio in terms of single integrals and algebraic expressions. The case of
a stationary load acting over one-quadrant of the bounding surface is obtained as the infinite velocity limit of the
parallel motion. By a simple superposition the solution is obtained for a half-space acted upon by a finite line load
or loaded on a finite rectangular region.

INTRODUCTION

THE present paper uses a recently developed technique to obtain solutions for an elastic
half-space acted upon by line loads with finite characteristic dimensions [1]. The motivation
for the effort is the fact that finite loads represent physical situations better than infinite
loads; also, the motivation arises from the intrinsic value for the applied mechanician of a
simple modification of well known techniques which allows him to solve heretofore un
solved problems. The solution is found by Cagniard's technique and by extending the real
transformation of de Hoop to double Fourier integrals with singularities on the real axis of
the transform variables, The technique has been carefully illustrated in solving the case of a
stationary rectangular load and will now be applied to the more complex problem of a
moving semi-infinite line load. The steps involved for the moving line load will be clearly
delineated, and then a simple limiting process will be indicated for obtaining the response
to a stationary load acting over one-quadrant ofthe bounding surface. The limiting solution
agrees with the results of [IJ.

Previous work on transient solutions has largely been confined to infinite line loads
[2-5J, and there appears to be no work on finite or semi-infinite line loads. Thus, the present
paper represents the first attempt in solving a different variety of line problems. However,
it will be shown in the sequel that the solution for the corresponding infinite line load prob
lem is contained in the solution for the finite line load. The solution is obtained by using
double Fourier transforms on space, Laplace transforms on time and Cagniard's technique.
The same theorems used in [6J can be employed here to rigorously justify the various steps
in the inversion.

Gakenheimer [7J has found that the interior solution for an expanding ring load can be
used for numerical calculations of the disturbance near the surface. The singularities
characteristic of the surface appear in the interior solution as one approaches the surface,

tThis work was supported by the U,S. Atomic Energy Commission,
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e.g. Rayleigh waves. In view of these remarks, in the present work interior solutions are
given. The results hold for arbitrary values of Poisson's ratio.

STATEMENT OF THE PROBLEM

In a rectangular coordinate system, consider the half-space z > 0, with bounding surface
z = O. The geometry of a semi-infinite line load moving parallel to its initial position is
depicted in Fig. 1, where the x coordinate of the load at time t is given by ct, {"I < C < xd

FIG. I. Problem of a parallel moving surface line load.

The governing wave equations are

;-;2\11
.2 2 _ () T

{2V 'I' - --;:;-z,
ot

V.'F=O (1)

and the potentials <D and 'I' are related to the displacements through U V<D +V x 'F ;
where V2 is the Laplacian operator, c 1 and c2 are the wave speeds vc~ = }. + 2/1, vd = /1,
), and /1 are the Lame constants and v is the material density. The stress--strain relations
needed in the sequel are

(2)

where (jij is the Kronecker delta. The boundary conditions (at z = 0) for the problem are

ty.(X, y, 0, t) = txz(x, y, 0, t) = 0 tzz(X, y, 0, t) - b(x - ct)H(y)H(x) (3)

t The cases 0 :s; (" < ("2 and ('2 < (" < c, can also be solved by the present technique (see [6] for more details).



Interior motion of an elastic half-space due to a normal finite moving line load on its surface 1485

where b(t) is the Dirac delta function and H(y) is the Heaviside unit function. The potentials
<1> and 'I' (and hence the displacements and stresses) are required to vanish as z ---+ CfJ ; that is

lim (<1>, '1', U, etc.) = 0
z~oo

The initial conditions are taken as

(4)

<1>(x, y, z, 0) = 'I'(x, y, x, 0) = o<1>(x, y, z, O)/ot = o'l'(x, y, z, O)/ot = 0 (5)

representing quiescence at t = o.

TRANSFORM SOLUTIONS

The Laplace and double Fourier transforms to be used here are defined, respectively, by
the equations

and

!(x, y, Z, p) = Loo

f(x, y, z, t)e - pI dt

1 1C

+
iOO

f(x, y, z, t) = -2. !(x, y, z, p)ePI dp
nl c-ioo

00

jFF(k, v, z, t) = II f(x, y, z, t)e-i(kx+vy) dx dy

-00

00 - it

f( t) 1 If fFF(k, v, Z, t)ei(kx+VY) dk dvx, y, z, = (2n)2
- 00 - it

(6a)

(6b)

(7a)

(7b)

where c is chosen to the right of any singularity of J, and - ie lies within the strip of con
vergence [8].

Following the scheme of Ref. [1], the load given by the last ofequations (3) is considered
as the limit ~ ---+ 0 of the expression [-exp( -~y)<5(x-ct)H(y)H(x)].The formal application
of the transforms to this bracketted expression gives

- CfJ < 1m v < ~, - CfJ < 1m k < pic

where p is assumed to be a real positive quantity. Since ~ > 0, one may set eequal to zero in
equation (7b) and take advantage of the real transformation introduced by de Hoop [9]
for problems in acoustics. t Therefore k and v may be assumed to be real quantities. After
some algebra one finds that the Laplace transform ofthe velocity is given by

t The limit ¢ --+ 0 will be taken at an appropriate step in the solution.

(j = x, y, z) (8~
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x

Vj,,(X, y, Z, p) = (211:~2Jl IIFj,,(k, v, p)l*(k, v, c~)e -~~{k,v,p)z +i(kx+vy)p dk dv. (a= d, s) (9)

Fzd(k, v, p) = -1JAk, P, p)[k; +2(k2+ v2)]T(k, v, p) (10)

Fz,(k, v, p) = 2(k2+172)1]ik, P, p)T(k, v, p) (11)

Fxd(k,v, p) = ik[k;+2(k2+v2)JT(k,v,p) (12)

F:~s(k, v, p) = - 2ik1Js(k, v, p)1Jd(k, v, p)T(k, v, p) (13)

Fyd(k, v, p) = f~d(V, k, p) = i17[k; +2(k2 -+ v2)JT(v, k, p) (14)

Fys(k,17,p) = F~S<v,k,p) = -2i1711s(v,k,p)1Ji17,k,p)T(17,k,p) (15)

T(k, v, p) = Uk; +2(k2+v2)F-4(k2+ v2)1Js(k, v, p)1Jik, v, p)} 1 (16)

1]d(k,17,p) = (k2+172+kJrt , kd=paj, ('lal=1 (17)

11s(k, v, p) = (p + 17 2+ k;jJ, k, = pa2' ('2a2 = I (18)

with the requirement Re 1]" ;:::: O. In accordance with Lerch's theorem, it is sufficient to
assume in these expressions that p is a real, positive number [10, p. 345J, for thi.s guarantees
a unique inverse.

The real transformation introduced by de Hoop [9] for problems in acoustics, and later
used by Mitra [11J, Gakenheimer [6J and the author [1] for elastic half-space problems, will
now be applied to the real variables k and v in equation (9). For the present case, this trans
formation may be written as rk = pwx - pqy, rv = pwy -+ pqx, r2 = x 2 +y2, and leads to the
expression

Vj,,(x,y,z,p) = (2
1
)2 foo dqfw Hj,.{w,q, l)1(w,q,a,~r/p)e-p['1~(W,q.l)Z-'iwrJdw (19)

11: Jl -00 -00

where

wrHx,,(w, q, 1) = (wx-qy)Fxiw, q, 1) (20)

qrHy,,(w, q, 1) = (wy+qx)Fv,.(w, q, 1) (21)

Hza(w, q, I) = Fz,,(w, q, 1) (22)

l(w, q, a, ~r/p) - ar2(iwx - iqy +ar) -1(iwy + iqx + ~r/p)-l (23)

TRANSFORM INVERSION

As was done in Ref. [1], the inversion of the Laplace transforms given will now be
performed by Cagniard's technique. The steps involved will be clearly delineated.

In equation (19), let w = i(J and consider (J as a complex variable. One easily deduces
that, in addition to the singularities depicted in Fig. 2, there is a pole at (J j (q), X(J 1(q) =

ar - iqy, which lies to the right of the imaginary axis. Recalling that, for IX = d, the intercept
ofthe Cagniard Contour I of Fig. 2 is greater than or equal to alrR-1, one concludes that if
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FIG. 2. Integration paths in the u-plane.

arx- I > ratR-I, the pole O"t(q) will intercept the Cagniard path for

(24)

To account for this when IX = d the space is separated into the regions ax- I > alR- t and
ax- t < aIR-I. As indicated by Gakenheimer [6], the inversion is more complicated for
IX = s than for IX = d. Indeed, when IX = s the space is separated into the regions arx- I <
a2rR-I < aI' arx- I < a l < a2rR-I, a l < arx- I < a2rR-I and a l < a2rR-I < arx- I ,

where x positive is required only in the last two regions. The inversion will now be performed
for each region.

Region I
IX = d, ax- 1 < aIR -1. In this region 0'1 (q) lies within the closed contour r d for all

values of q and x > 0, r d = ImO' axis + C _1 + Cagniard contour 1+ C + 1 , where the various
components are shown in Fig. 2. Therefore, by residue theory, one immediately obtains

1 { fro .vjJx, y, Z, p) = 2 H(x) HjiiO'I(q), q, l)w(q,~, a)e-p[~d(111dq),q,I)z+111(q)rl dq
1C/1 - ro

- H(y) troro Hjd(iO'o(q), q, l)w(q, ~, a)e - p[~d(il1o(q),q,I)z+Uo(q)rl dq}

+(21C)12/1i i: dq (L. HjiiO', q, l)l(iO", q, a, ~r/p)e-p[~d(il1,q,l)z+url dO' ) (25)

where r 1 is the Cagniard contour I of Fig. 2, and

w(q,~, a) = -ar[iqr-(aY-er/p)r 1
.
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(26)

1. To find the contribution from the first term of equation (25), take the limit s .-. 0
and introduce the change of variable qr = i(sx ay), where s is a complex variable. Then
(J1(q) becomes (JI(S), where r<JI(S) = ax+sy, and the integral may be written ast

aH(x) SUYiX + b
, ..' ,I ·(x y' z p) = .' F(ia is l)e'p[qd(lU,IS,I)z+ux+SY]ds/s1J ' , , 2 . . Jd ,'-, '-

fJ. nl uylx-ix

The singularities of Fjd(ia, is, 1) are branch points at s = ±(aI a2)!- and s = ±(a~-a2l,

and simple poles at s = ±(eR2-a2)~. If y is positive, then, since xe > ReI::?: reI implies
x 2e2 > (x2+y2)ci and ya < x(ai - a2)t, the contour in equation (26) lies between the
pole at s = 0 and the branch point s = (ai a 2)t. Consequently, this contour may be
replaced by a contour along the imaginary axis and indented such that the origin lies to the
left of the contour. If y is negative, then the contour of equation (26) may be replaced by a
contour along the imaginary axis and indented such that the origin lies to the right of the
contour. In view of these remarks Fig. 3 may be used in this case mutatis mutandis and the
evaluation proceeds as in Ref. [1]. The final expression for y > 0 may be written as

II/X, y, z, t) H(x)H[t-ax-n(ai -a2)J]BjJx, y, Z, t-ax) (27)

CUT
-Lo->;--x:--+-+-fX3=_.l. -az -a l

cR

x- BRANCH POINT
0- POLE

PATH I:'l

s - PLANE
FIG. 3. lntegration paths in the s-plane.

where
Re[t2 -(ai - a2)n2]-tFjd(ia, is4 , l)l1J,ia, is4 , 1)

tlYI +i~[t2 -(ai _a2)n2]t
n2 n2

(28)

(29)

and Iyl is the absolute value of y. Using this notation, the contribution for negative values of
y is given by equation (27), with BjJ,x, y, z, t) now defined by

BjJ,x, y, z, t) = ±Bjix, - y, z, t) (30)

t The roman numeral identifies the region, and the subscript 1 the contribution from the pole at O'l(q)·
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where the positive sign applies only for j = y. t = tdc = ax +n(af - a 2 yt in equation (27)
represents the arrival time of a conical dilatational wave which trails behind the point
x = ct, Y = z = 0.

2. To evaluate the contribution from the second term of equation (25), one takes the
limit ~ -> °and introduces the change of variable iqr = ys; s is a complex variable. Then
ao(q) becomes ao(s), where r<To(s) = XS, and the integral is transformed into (no sum onj)t

aH(y) fiOO .i ·(x y z p) = (l-b·)-- (s-a)-IY(is °l)e-P[~d(!S,o,l)z+x'lds
2J ' , , JY 2' Jd , ,

Il nz -ioo

By omitting H(y) in equation (31), one obtains the Laplace transform of the dilatational
contribution for an infinite line load moving with velocity c.

The singularities of the integrand of (31) are a pole at s = a plus the singularities shown
on Fig. 3 and for x < °the contour is closed to the right of the imaginary axis. Since in this
region alx > aR ~ an, then a < alxn- I

. But alxn- l is the intercept of the Cagniard path,
and therefore the pole at s = a contributes for x > 0, ax - I < alR - I. Hence the contri
bution for x > °is given by

12j(x, y, Z, t) = (l-bjy)H(y)H(t-aIP)Re(sl -a)-laKjl(x, Z, t)

-(l-bjy)all- 1H(y)Fjd(ia, 0, l)b[t-ax-(af -a2)+z] (32)

1T;IlKjl = (t2-afp2)-+FjdUSI'0, l)'1iisl'O, 1),

tlxl iz 2 2 2 '
SI(X, z, t) = -2+2(t -alP )',

P P

p2 = x2 +Z2, and Ixl is the absolute value of x. The equation t = ax +z(af - a2)t represents
a plane tangent to the cone t = ax +n(af - a2)! and intersecting the surface of the half-space
along the line x = ct.

For x < °the contour in (31) is closed to the left ofthe imaginary axis, and the contribu
tion is found to be 12y(x, y, z, t) = 0,

12Ax, y, z, t) = H(y)H(t -aIP)Re(sl +a)-laKxl(x, z, t)

12Ax, y, z, t) = - H(y)H(t- aIP)Re(sl +a)-laKzl(x, z, t)

(33)

(34)

3. The evaluation of the last term of equation (25) proceeds in precisely the same way
as for the last term ofequation (42), Ref. [1]. It may readily be seen that the total contribution
ist

in which
rqj(t)

13i x, y, z, t) = H(t - td)J
o

Yt}d(t, as, q, a) dq

Yt}d(t, as, q, a) = Re(t2- t;d) -tAjia5, q, a)'1,(ia5, q, 1)

.hj~(a, q, a) = Aia, q, a)Dj~(a, q, a), (no sum onj)

aAAa, q, a) = -ar[a2xyg(a, a) +q2y(ay2+axr)]

t The subscript 2 !dentifies the contribution from the pole at (J'o(q).
t The subscnpt 3 Identifies the contribution from the required Cagniard path.

(35)

(36)

(37)

(38)

(39)
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qAia,q,a) = -iar[a2lg(a,a)+q2 x(ax 2 axr)J

AAa, q, a) = -ar2ayg(a, a)-ar2q2xy

Fja(ia, q, 1) n2J1[g2(a, a)+q2y2J [a2y2+q2x2]Dja(a, q, a)

g(a, a) = ax-ar

td atR, qt(t) = R 1(t2 -aiR2)~

tqd R(ai+q2)t, R 2 =X2+y2+ Z2

(

• 7 _ tr iz 2 2 +
O"sx,y,,,,t)- R2+R2(t -tqd)-

(40)

(41)

(42)

(43)

(44)

(45)

(46)

Region II

0" = d, ax- t > atR-t, x > O. In this region O"t(q) lies within r d only for Iql greater than
qOd' Furthermore, when q2 = q~d and t = t L R2ax" 1, the pole at(q) iies on the Cagniard
contour I. Changes must therefore be effected in the first and third terms of equation (25)
to find Vjd(X, y, z, t) in this region. Notice that tL may also be written ast

(471

(49)

and hence the inequality ax- t ~ atK'1 may also be written as t L ~ [d-

1. The contribution from the pole at a 1(q) is obtained from the first term ofequation (25)
by restricting q2 to values greater than q~d' In the resulting expression one now takes the
limit ~ ~ 0 and introduces again the change of variable qr = i(sx - ay) to obtain equation
(26), where now the path of integration consists of the line segments L t and L 2 defined by
L t :xs = aY-IJ, L 2:xs = aY+IJ, qOdr < XI] < co as shown in Fig. 4. The integration by
Cagniard's technique proceeds as for equation (26), and the resulting expression may be
written as

IIdx, y, z, t) = H(x)H(t tdBjd(x, y, z, t - ax) (48)

where Bjd has been defined for equation (27).
2. The contribution from the pole at O"o(q) is equal to the second term of equation (25),

and therefore equal to equation (31). However, in this region the pole at s = a lies to the
right of the Cagniard contour and does not contribute. Thus, the contribution for x > 0 is
given by

Il2/x, Y, z, t) = (l-b jy)H(y)H(t aIP)Re(sl -a)-laKj1 (x, z, t)

For x < 0, the contribution is given by

II2j(x, y, z, t) = I2ix, y, z, t) (50)

and 12ix, y, z, t) is defined by equations (33) and (34) for j = x, z, and II 2y(x, y, z, 1) =

I2ix, y, z, t) O.
3. The contribution from the Cagniard contour I may be considered as the limit I: ~ 0

of

t t = tL represents a hemispherical surface of radius ct/2 centered about the point x = c1/2, y
same surface was found in [6].

(51 )

z = O. The
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FIG. 4. Auxiliary integration path for Region II.

where F(q) is a generic expression for the q-integrand in the third term of equation (25).t
Proceeding the same way as for the last term of equation (42), Ref. [1], and by appealing to
Fig. 5, one immediately finds that (before taking the limit e -+ 0)

rqt(t)

II 3J{x,y,z,t) = [H(t-td)-H(t-t1+e)] Jo Yf}d(t,(Js,q,a)dq

~~====I==I:l=====7T
dt

q

FIG. 5. Region of integration in the I-q plane.

t This is equivalent to the separation used in [2].

(52)
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(53)

where t: R(ai + q6dyl:. Since the singularity exists only for t = tL , by again considering
Fig. 5 one can also write

[J qOd-" Jqj(t) J
+H(t-ll. I;) + .Yt}it,O's,q,a)dq

o q(Jd+"

Proceeding even further, since the singularity is not there for t = tL +1>, the last two
integrals can be combined to yield

rql(l)

II 3i x,y,z, t) = [H(t-td)-H(l-t/.+8)+H(t-lL c)J Jo Yfjd(t,O's,q,a)dq

It follows thatt

(54)

(55)

(56)

where the symbol P(tL , qOd) before the integral specifies that, when t = tL , the value of the
integral is the Cauchy principal value [12]. In other words, when t = t L , equation (55), or
equivalently equation (52), gives

(J
qOd-

e
sql!t) )

II 3J{x,y,z,td = l~m + ·Yt}d(tL'O'S,q,a)dq
,,0 0 qOd+ '-

Thus, in this region the total contribution is given by

(57)

where the IIiix, y, z, t) are defined by equations (48H50) and (55).
As indicated by Gakenheimer [6J, when a = s the inversion is more complicated than

for the case a = d due to the appearance of head waves. However, these complications are
similar to those which arose in Ref. [IJ for a = s and in regions I and II.

Region III
a = s, ax- 1 < a2R-t and arx- 1 < at. In this region the pole O'l(q) lies to the left of the

Cagniard contours ofFig. 2 for all values of q. Therefore, by residue theory, one immediately
obtains

I { J'x.Vjs(x,y,z,p) = -2- H(x) . Hjs(iO't(q),q, 1)w(q,~,a)e-·p['I·(i"l(q),q,l)Z+(fl(q)r]dq

1rJi -,0

- H(y) J:C(, Hjs(iao(q), q, I)w(q,~, ale - p['I.(iO'o(q),q,l)Z+6'o(q)r] dq}

+'(-2 1)2 .JC(). dq( r Hjs(iO', q, 1)I(iO', q, a, ~r/p)e-p['Is(iO',q,l)z+ur] dO') (58)
1t Jil -C(. Jr.

where f s is either the Cagniard contour I or the Cagniard contour II ofFig. 2, depending on
the ratio of r to z and the values of q.

t These results are in accordance with the findings of [6J.
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1. The contribution from each term of this equation is found in the same way as for the
corresponding term of(25). Thus, in the first term one takes the limit ~ ~ 0and introduces the
change of variable qr = i(sx - ay) to obtain

aH(x) say!x+ioo ..
III ' ) = -- F- (ia is 1)e-p[~s(<U.".1)z+ax+sYl ds/slJ'X, y, Z, P 2 . JS , ,

Jl m ayjx-ioo
(59)

The right side differs from the right side of (26) only in the subscript s for Fjo and 110' and it
is easy to see that the singularities of(59) are the same as those of(26). Also, the discussion on
contours for (26) is applicable here. For y > 0 the final expression may be written as

wheret

III1ix, y, Z, t) = H(xHH(t - tsde)- H(t - tse)]Bj.(x, y, z, t-ax)

+ H(x)H(t - tse)G jix, y, z, t - ax) (60)

tsdix, y, z) = z(a~ -ant +y(af _a2)t +ax (61)

tse(X, y, Z) = n(a~-a2)±+ax (62)

11JlBjs(x, y, z, t) = Im[(a~ - a2 )n2- t2rtass 1Fjs(ia, iss, 1)'1.(ia, iss, 1) (63)

Using this notation, the contribution for negative values of y is given by equation (60), with
Bjs and Gjs now defined by

Bjix, y, Z, t) = ±Bjs(x, - y, Z, t)

Gj.(x, y, z, t) = ± Gjs(x, - y, Z, t)

(67)

(68)

where the positive sign applies only for j = y. t = tse and t = tsde in equation (60) represent,
respectively, the arrival times of conical shear waves and head waves which trail behind the
point x = ct, Y = Z = O.

2. The contribution from the second term of (58) is found by taking the limit ~ ~ 0 and
again introducing the change of variable iqr = ys. This yields the expression (no sum on j)

(69)

As was the case for equation (31), by omitting H(y) in (69), one obtains the Laplace transform
of the shear contribution for an infinite line load moving with velocity c. The inversion of

t t,< and t..< also appear in [6].
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(69) for x > °gives

IIIzix, y, z, t) = (1- bjy)H(y)H(t -azp) Re a(s3 -a)-I M j3(x, z, t)

+(I-bjy)H(y){H[t-adxl z(a~-ant] H(t-azp)}

x 1m a(sz a)-1 Ljz(x, z, t)

- (1- bjy)ap. 1 H(y)H(xp - 1 - acz)Fjs(ia, 0, 1)b[t -ax- z(a~ _. azyt] (70)

TC/lLjz = (a~pZ -tZrtFjs(isz, 0, 1)11s(isz, 0,1)

_ tlxl z. z z z· 1.sz(x, Z, t) - ~z -2(aZp - t) \
p P

TC/lMj3 = (tz-a~p2)-tFjs(iS3'0' 1)11s(is3'O, 1),

tlxl iz 2 z Z 1

S3(X, z, t) = --Z+2(t -azp )2
p P

For x < °the contour is closed to the left of the imaginary axis, and therefore the pole
at s = a is not included. Thus, for x < °one finds that

IIIzAx, y, z, t) = H(y){ H[t- aIlxl- z(a~ -aW'] - H(t - azp)} 1m a(s2 +a)-I Lxz(X, z, t)

+ H(y)H(t-azp) Re a(s3 +a)-I M x3(x, z, t) (7l)

IIIzz(x, y, z, t) = - H(y){ H[t-a1Ixl- z(a~ ai)t] - H(t-azp)} 1m a(sz +ar 1Ldx, z, t)(72)

IIIzix, y, z, t) == ° (73)

3. The evaluation of the last term of (58) proceeds in precisely the same way as for the
last term of equation (42), Ref. [1]. Thus, the total contribution is

vj,(x, y, z, t) III Ij(x, y, Z, t) + IH2j(x, y, Z, t) + IH3ix, y, z, t) (74\

.A!}" is defined by (38H43), nj = 1'Js(i(Jj' q, 1) for j = 6,7, and

qz(t) = R- 1(tz -a~RZ)t,

q3(t) = {r- z[t-z(a~-ai)tF-ai}t

tr iz z z . , z z t
(J6(X, y, z, t) = R Z+R Z(t - tqsf" tqs R(az +q ) ,

tr z z z t
(J7(X,y, Z, t) = R.'i- Rz(tqS-t )
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Region IV

(J. = s, al < arx- 1 < aZrR- 1, X > O. In this region the Cagniard contour II of Fig. 2 is
required. The pole O"l(q) is included for all values of q different from zero. However, when
q = 0, the pole intersects the contour at points on the horizontal straight lines to the right
of (Jd' The contributions must therefore be considered as the limit e --+ 0 of the expressions
to follow containing e.

1. The contribution from the pole at (Jl(q) is given by the first term of (58) by requiring
Iql ;:::: e > O. As for Region III, the integral may be reduced to the right side of (59), where
now 0 < e:-:;; IImsl. The inequalities al < arx- 1 and arx- 1 < azrR- 1 imply (ai-aZ)t <
ayx - 1 and ax - 1 < (a~ - aZ)tn- 1, respectively; that is, (ai - aZ)t < ayx - 1 < y(a~ - aZ)tn - l.

Hence, as e --+ 0, one obtains the contributiont

IV l/X, y, Z, t) = H(x)[H(t- tE)- H(t- tsc)JBjs(x, y, z, t-ax)+ H(x)H(t- tsc)Gj.(x, y, z, t- ax)
(76)

tE(x,y,z) = lJ.(ia, iayx- 1, l)z+ax+aylx- l = zx-l(a~xZ-aZrZ)t+arZx-l (77)

As in the corresponding contribution in Ref. [6J, p. 51, the second term of (76) is again the
conical, shear wave found in Region III, equation (60); whereas the first term has the alge
braic form of the plane head wave of Region III, but it now lacks the plane wave front at
t = tsdc '

2. The contribution from the pole at (Jo(q) is given by the second term of (60) with no
additional constraints. Therefore, one immediately finds that in this region the contribution
is given by

IVz/x, y, z, t) == IIIz/x, y, z, t). (78)

3. The contribution from the Cagniard path may be obtained by noting that when
q = 0 the pole (Jl(q) intersects the path at t = tE' tH < tE < ts' Proceeding as for Region II,
one finds that the contribution may be written as

IV3/X, y, z, t) = III 3/x, y, z, t), (79)

provided that the second integral in (75) be preceded by the symbol P(tE , 0) defined for
equation (55). With this proviso, the total contribution is

Vj.(x, y, Z, t) = IV l/X, y, z, t) + IIIz/x, y, z, t) + III 3/x, y, z, t) (80)

Region V

(J. = s, al < azrR- 1 < arx- 1, x > O. In this region the Cagniard contour II of Fig. 2 is
also required, and the pole (J l(q) contributes only for Iql greater than qos' where

q~s = zZ(RZaZ-a~xZ)(rn)-Z (81)

Moreover, the pole lies on the Cagniard contour II for qZ = q~s and t = tL' Changes must
therefore be effected in the first and third terms of (58) to find vjx, y, Z, t) in this region.
Corresponding to (47), one can write

tL = RZax- 1 = tsRczax- 1

and hence the inequality azrR- 1 ~ arx- 1 may also be written as ts ~ tL'

t Compare equations (60) and (76).

(82)
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1. For the contribution from the pole at (J 1(q), the discussion in the paragraph preceding
equation (48) applies here, provided that qOd is replaced by qos. The resulting expression in
this case is given by

V1i x ,y,z,t) = H(x)H(t-tdGjs(x,y, z, t-ax) (83)

where GjS is defined by equation (65) for y > 0, and by (68) for y < 0.
2. The pole at (Jo(q) again gives a contribution equal to the second term of(58). Therefore

V2ix, y, z, t) = III2ix, y, z, t) (84)

3. The contribution from the Cagniard contour may be easily deduced by noting that
tL > ts ' and hence the pole intersects the path on the branch of the hyperbola in Fig. 2.
The evaluation proceeds as for Region II, and one finds that

(85)

(87)

and

V3ix, y, z, t) = III3ix, y, z, t) (86)

provided that the first term of equation (75) be interpreted as a Cauchy principal value for
t = tLand q = qos; that is, provided that

rq2(t}

H(t - ts)P(tL, qos) J0 Re(t2- t;s) -1 JVis«(J6, s)n6 dq

be used in place of the first term of (75).
The surfaces t = ts ' t tB , etc., have been discussed in Refs. [1 and 6], where the appro

priate figures appear. With the exception of the surfaces t tB and t = tL all of the other
surfaces can be used to generate the wave pattern for y positive. For example, by continuing
the curve t = td parallel to the y-axis, the surface t = alP in equation (32) is generated.

The solution for a uniform moving line load, acting on the interval x = ct, - b < y < b,
z = 0, may immediately be written as

V?(x,y, z, t) = vix, y+b, Z, t)-vJ{x, y-b, Z, t) (88)

where the superscript FL stands for finite length, and, in accordance with equation (8),

vix, y, z, t) = Vjd(X, y, z, t) +Vj.(X, y, z, t)

LOAD ON ONE QUADRANT OF THE SURFACE

The solution for this case may be obtained by noting the relation

b(~ - ~o)

b(f(~» = Ir(~o)l-

(89)

which is valid if f(~) is a monotonic function of ~ vanishing for e= eo [13]. Setting
~ = t - ax in (3h, one finds that

t;z(x, y, 0, t) = -ab(t-ax)H(y)H(x)
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where the superscript P has been added to denote parallel motion. It immediately follows
that

T~z(X, y, 0, t) = lim [cT~ix, y, 0, t)J = -c5(t)H(y)H(x)
c~oo

the superscript Q identifies the quantities pertaining to a load on one quadrant of the
surface z = O. By these arguments it follows that

gQ(x, y, z, t) = lim [cgP(x, y, Z, t)J

for all the corresponding quantities. For example, in the indicated limit the last term of (32)
gives the contribution

c5 jzH(x)H(y)(adv)c5(t - a1z)

which corresponds to the plane wave directly under the first quadrant of the x-y plane
found in [1]. The last term of(95) gives no contribution. As shown in [lJ, the solution for a
uniform load acting on the rectangular region at z = 0 bounded by the lines x = ±a and
y = ±b is given by

vf(x, y, z, t) = v~(x +a, y +b, z, t)- v~(x-a, y+ b, z, t)

+v~(x-a, y-b, z, t)-v~(x +a, y-b, z, t)

where the superscript R identifies the response when the plane is loaded on a finite rectan
gular region of its surface.

SUMMARY AND CONCLUSIONS

In the foregoing sections, exact expressions were derived for the transient response of a
half-space to a normal finite load moving on its surface. The solution was found to be a
superposition of cylindrical, hemispherical, conical and plane waves. It was found that the
solution for a normal infinite moving line is contained in the solution given here. In fact,
from equations (31) and (69), one can immediately write

a Iioo

.v}(x,y,z,p) = (1-c5jY)-2. (s-a)-lFjd(is,O,l)e- p[qd(ls,O,l)z+xS]ds
J.L m -ioo

a Iioo

.+(1- c5. )-- (s - a)-l F (is 0 l)e- p[qshs,O,l)z +xs] ds
]Y J.L2ni _ ioo ]S , ,

where the superscript I identifies the solution for a moving infinite line load [2]. From these
results, one concludes that the solution is a superposition of that for an infinite line load,
plus correction terms to account for the end points.
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A6cTpaKT-PaCCMaTpllBaeTcli B03.L\eu.cTBlle ynpyroro nOJIynpocTpaHcTBa no.L\ BJIllllHlleM I1MrrYJIbCllBHOH
rrOJIy6ecKoHe'lHoH JIllHeHHOH Harpy3Kll, .L\BlllKYILIeHcli napaJIJIeJIbHO K ee Ha'laJIbHoMY nOJIOlKeHlllO.
HaH.L\eHHOe peweHlle lIBJIlieTCli HaJIOlKeHHeM TpeX BOJIH, a llMeHHO l.lllJIHH.L\Pll'lecKoH, Ccj)ePH'IecKOH H
KOHYCHOH. PeweHHe rrOJIy'leHo MeTo,nOM KaHlIp,na H rryTeM o606IL1eHHlI .L\eHCTBllTeJIbHOrO rrpeo6pa30BaHHlI
.L\e ryrra Ha ,nBoHHbIe HHTerpaJIli cPYPbe C cHHrYJIlrpHOCTlIMH Ha ,neHcTBHTeJIbHOu. OCll nepeMeHHblX
rrpeo6pa30BaHHlI. )J.aJOTcli CKOpOCTll BOJIH BHyTpH nOJIyrrpocTpaHcTBa ,nJIlI'o6bIKHOBeHHbIX 3Ha'leHHH
OTHoweHllll IlyaccoHa, HCrrOJIb3Yll HHTerpaJIbI H aJIbre6paH'IeCKlle BblpalKeHHlI. IlOJIy'laeTcli cJIy'lait .L\JIli
cTal.lllOHapHoH Harpy3KH, .L\eitcTBYJOILIeH Ha O.L\HOM KBa.L\paHTe OrpaHH'IeHHOH rroBepxHocTH. IlyTeM
npocToro HaJIOlKeHHlI rrOJIy'laeTcli peweHHe .L\JIli rroJIynpocTpaHcTBa HarpylKeHHoro KOHe'lHOH mlHeliHoli
Harpy3Koli HJIll 3arpYlKeHHOJO B KOHe'lHOM rrpliMoyroJIbHOM palioHe.


